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Plutonium is the most exotic and mysterious
element in the periodic table. It has 6 metallic
phases and peculiar physical properties not yet
understood. One of the most intriguing prop-
erties of Pu is that relatively small changes of
temperature can induce transitions between dif-
ferent structures, that are accompanied by very
large changes of equilibrium volumes. This fact
has stimulated extensive theoretical and exper-
imental studies. In spite of this, a convincing
explanation of the metallurgic properties of Pu
based on fundamental principles is still lacking,
and none of the previous theories has been able
to describe simultaneously the energetics and the
f electronic structure of all of the phases of Pu
on the same footing. Here we provide a bird’s
eye view of Pu by studying the zero-temperature
pressure-volume phase diagram and the f elec-
tronic structure of all of its crystalline phases
from first principles. In particular, we clarify the
way in which the f-electron correlations deter-
mine its unusual energetics. Our theoretical en-
ergetics and ground-state f electronic structure
are both in good quantitative agreement with the
experiments.
The stable structure of plutonium at ambient condi-
tions is α-Pu, that has a low-symmetry monoclinic struc-
ture with 16 atoms within the unit cell grouped in 8
nonequivalent types. At higher temperatures, see Fig. 1,
Pu can assume the following distinct lattice structures: β
(monoclinic, with 34 atoms within the unit cell grouped
in 7 inequivalent types), γ (orthorhombic), δ (fcc), δ′
(bct), and ǫ (bcc). These temperature-induced structure-
transitions are accompanied by significant changes of vol-
ume, that are still not well understood. In particular,
the equilibrium volumes of the δ and δ′ phases are very
large with respect to the other allotropes. Another inter-
esting puzzle is that δ- and δ′-Pu have negative thermal-
expansion coefficients within their respective range of sta-
bility, unlike the vast majority of materials.
It is clear that a theoretical explanation of the proper-
ties of Pu needs to be supported by first-principles calcu-
lations which, not only are able to take into account the
details of the band-structure and the strong-correlation
effects, but are also able to evaluate precisely the total
energy. Previous state-of-the-art density functional the-
ory (DFT) calculations [1–4] were able to reproduce the
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FIG. 1: Experimental volume-temperature phase-diagram of
Pu. The dotted lines indicate the zero-temperature equilib-
rium volumes extrapolated by linear interpolation.
energetics of Pu, but in order to describe all of the phases
on the same footing it was necessary to introduce artifi-
cial [5] spin and/or orbital polarizations — thus compro-
mising the description of the electronic structure. Calcu-
lations within the framework of DFT in combination with
dynamical mean field theory (DFT+DMFT) have been
able to explain several aspects of the electronic structure
of Pu, see, e.g., Refs. [6–9]. Nevertheless, the computa-
tional complexity of this approach made it impossible to
calculate the pressure-volume phase diagram of all of the
phases of Pu. In this work we overcome these issues by
using the charge self-consistent combination of the Lo-
cal Density Approximation and the Gutzwiller Approx-
imation (LDA+GA) [10–14], whose description of the
ground-state properties is generally in very good agree-
ment with LDA+DMFT, but is considerably less com-
putationally demanding. In particular, we employ the
numerical approach derived in Ref. [15].
In the upper panels of Fig. 2 are shown the LDA (left)
and LDA+GA (right) evolutions of the total energies E
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FIG. 2: Theoretical total energies for the crystalline phases of Pu as a function of the volume (upper panels) and corresponding
pressure-volume curves (lower panels). Our results are shown both in LDA (left panels) and in LDA+GA (right panels). The
right insets are zooms of the curves in the corresponding panels. In the upper-left inset are shown the correlation energies —
here defined as the differences between the LDA+GA and LDA total energies, — while the corresponding contributions to the
pressure are shown in the lower-left inset. The vertical lines indicate the minima of the energy curves. The lines of the legend
indicate the estimated zero-temperature equilibrium volumes. The LDA+GA pressure-volume curves are shown in comparison
with the experimental data of α-Pu from Ref. [16] (black circles), Ref. [17] (blue squares) and Ref. [18] (red diamonds).
TABLE I: Zero-temperature theoretical equilibrium volumes,
bulk modulus and total energies of the crystalline phases of
Pu in comparison with the experiments [19, 20]. The total
energies are relative to the ground-state energy of α-Pu. The
zero-temperature equilibrium volumes of γ- and ǫ-Pu are ex-
trapolated by linear interpolation from the experimental data
reported in Fig. 1. Note that the experimental value of the
δ-Pu bulk-modulus refers to the 1.9% Ga alloy.
Pu α β γ δ δ′ ǫ
Vexp (A˚
3) 19.5 21.9 22.3 25.2 25.1 22.3
Vth ± 0.5 (A˚
3) 21.1 22.0 21.3 25.5 25.0 21.2
Eexp (K) 0 470 550 620 710 1130
Eth ± 100 (K) 0 460 110 310 330 870
Kexp (GPa) 70.2 — — 38 — —
Kth (GPa) 50–70 40–55 45–70 15–35 10–25 35–55
as a function of the volume V for all of the crystalline
phases of Pu. In the lower panels are reported the cor-
responding evolutions of the pressure P = −dE/dV in
comparison with the experimental data of α-Pu. In the
left insets are shown the correlation energies — here de-
fined as the differences between the LDA+GA and LDA
total energies — and the respective contributions to the
pressure. Note that in our calculations we have not per-
formed structure relaxation, but we have assumed a uni-
form rescaling of the experimental lattice parameters, see
Refs. [18, 21].
In table I the theoretical zero-temperature equilib-
rium volumes are shown in comparison with the zero-
temperature experimental volumes, that we assume to
be in between the thermal-equilibrium volumes and the
zero-temperature values extrapolated by linear interpo-
lation in Fig. 1. The bulk modulus and energies (referred
3to the ground-state energy of α-Pu) are shown in com-
parison with the experimental data of Refs. [19, 20]. Note
that the numerical error for the theoretical bulk modulus
is due to the fact our calculations are performed only on
a discrete mesh of values, see the upper panels of Fig. 2.
Remarkably, while the theoretical equilibrium volumes of
all phases of Pu are very similar in LDA, they are very dif-
ferent in LDA+GA, and in good quantitative agreement
with the zero-temperature experimental values. Further-
more, while LDA predicts very large equilibrium energy-
differences between the phases of Pu, these differences
are very small in LDA+GA, in agreement with the ex-
periments. Note also that the LDA+GA ground-state
energies increase monotonically from each phase to the
next-higher-temperature phase, consistently with the ex-
periments, see Fig. 1 and Table I. The only exception is
β-Pu, whose theoretical equilibrium energy is larger than
γ-, δ- and δ′-Pu.
In order to understand how the electron-correlations
affect so drastically the energetics of Pu, it is enlighten-
ing to look at the behavior of the correlation energies, see
the left insets in Fig. 2. In fact, the evolution of the cor-
relation energies as a function of the volume is essentially
structureless and identical for all of the phases (made ex-
ception for a uniform structure-dependent energy shift
whose main effect is to slightly increase the energy of
α-Pu with respect to the other phases). As a result of
this correction, the LDA total energies are transformed in
the way indicated by the gray circles in the upper panels
of Fig. 2. The relative behavior of the LDA+GA zero-
temperature energies of the allotropes of Pu is clearly
inherited by the LDA energy-volume curves in the region
highlighted in the upper-left panel of Fig. 2, which trans-
form into the region highlighted in the upper-right panel
of Fig. 2 when the correlation energies are taken into ac-
count. The same considerations apply to the evolutions
of the pressure, as indicated by the gray circles in the
lower panels of Fig. 2. The above observation explains
from a simple perspective how the electron correlations
determine the unusual energetics of Pu.
In the upper panels of Fig. 3 are shown the occupa-
tions of the f electrons. The total number of f electrons
in δ-Pu is nf ≃ 5.2, which is consistent with previous
LDA+DMFT calculations [7]. Here we find that nf ≃ 5.2
also for γ-, δ′- and ǫ-Pu. In the monoclinic structures nf
is different for the inequivalent atoms within the unit cell,
and it runs between 5.21 and 5.32 in α-Pu while it runs
between 5.17 and 5.21 in β-Pu. In the middle panels of
Fig. 3 are shown the averaged orbital populations with
total angular momentum J = 7/2 and J = 5/2. Note
that for all of the phases of Pu the number of 7/2 f elec-
trons decreases as a function of the volume, while the
number of 5/2 f electrons increases. This behavior indi-
cates simply that the spin-orbit effect is more effective at
larger volumes, as expected. Finally, in the lower panels
is shown the behavior of the branching ratio B, which is
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FIG. 3: Upper panels: evolution as a function of the vol-
ume of the averaged orbital populations of the 5/2 and 7/2
f electrons. Middle panels: total orbital occupations in
comparison with the values extrapolated in Ref. [22] from
XANES measurements at ambient conditions of α-Pu (black
stars) and the 1.9%-Ga δ-Pu alloy. Lower panels: theoreti-
cal branching ratios in comparison with the values extrapo-
lated in Refs. [23, 24] from XAS (black cross) and EELS (blue
crosses) experiments of α-Pu and the 0.6%-Ga δ-Pu alloy. The
colors in the first and second panels from the left correspond
to the inequivalent atoms of α-Pu and β-Pu. The vertical
dotted lines indicates the LDA+GA equilibrium volumes for
the respective phases.
a measure of the strength of the spin-orbit coupling in-
teraction in the f shell, and is calculated from the orbital
populations making use of the equation
B =
3
5
−
4
15
1
14− n5/2 − n7/2
(
3
2
n7/2 − 2n5/2
)
, (1)
see Ref. [25, 26]. Consistently with the behavior of the
orbital populations, B increases as a function of the vol-
ume. Note that the behavior of nf and B is very similar
for all of the phases of Pu.
The α-Pu theoretical value of nf at equilibrium is in
good agreement with the values extrapolated from theX-
ray absorption near-edge structure (XANES) measure-
ments of Ref. 22. On the other hand, while our calcu-
lations indicate that nf is slightly smaller in δ-Pu than
in α-Pu, according to the extrapolations of Ref. 22, the
1.9%-Ga δ-Pu alloy has a larger nf with respect to α-Pu.
Also the theoretical values of B are in good agreement
with values extrapolated in Refs. [23, 24] from electron
energy-loss spectroscopy (EELS) and X-ray absorption
spectroscopy (XAS) [27–30].
Let us study the behavior of the many-body reduced
density matrix ρˆf of the f electrons, which is obtained
from the full many-body density matrix of the system
4by tracing out all of the degrees of freedom with the
exception of the f local many-body configurations of one
of the Pu atoms. We define
Fˆ ≡ − ln ρˆf + k , (2)
where k is an arbitrary constant that we determine so
that the lowest eigenvalue of Fˆ is zero by definition.
Within this definition ρˆf ∝ e
−Fˆ , i.e., Fˆ represents an ef-
fective local Hamiltonian of the f electrons that depends
on the volume, and that is renormalized with respect to
the atomic f Hamiltonian because of the entanglement
with the rest of the system, see Ref. [31].
Fig. 4 shows the eigenvalues Pn of ρˆf as a function of
the eigenvalues fn of Fˆ for all of the allotropes of Pu
(that are computed at their respective theoretical zero-
temperature equilibrium volumes). Consistently with
Ref. [7], we find that for δ-Pu there are two dominant
groups of multiplets: one with N = 5 and J = 5/2
(that is 6 times degenerate), and one with N = 6 and
J = 0 (that is non-degenerate). Interestingly, our results
show that this conclusion applies also to all of the other
phases. The f probability distribution of δ- and δ′-Pu is
slightly less broad with respect to the other phases. This
is to be expected, as δ- and δ′-Pu are stable at larger
volumes, so that the local f degrees of freedom are less
entangled with the rest of the system with respect to the
other phases. The f probability distributions of α- and
β-Pu are considerably different for inequivalent atoms,
as they depend on the number and relative distances of
the nearest-neighbor atomic positions, consistently with
Refs. [15, 32]. Note that in β-Pu the atom-dependency
of the f probability distribution is less pronounced than
in α-Pu.
We point out that the fact that nf ≃ 5.2 reveals that
the f electrons of Pu are in a pronounced mixed-valence
state [33]. Indeed, the probability of the N = 6, J = 0
multiplet is very large, as indicated by the fact that it
has the lowest Fˆ eigenvalue. The reason why nf is closer
to 5 than to 6 is that the N = 6, J = 0 multiplet is
non-degenerate, while the N = 5, J = 5/2 Fˆ -eigenvalue
is 6 times degenerate — so that its contribution to nf is
weighted by a factor 6 = 2×5/2+1. The observation that
the f electrons have a significant mixed-valence character
indicates that the local f degrees of freedom are highly
entangled with the rest of the system [31]. This obser-
vation is consistent with the fact that the Pauli suscep-
tibility of the δ-Pu Ga alloy is Pauli-like at low temper-
atures [5]. Furthermore, it is consistent with the state-
ment of Ref. [20] that Pu is an ordinary quasiharmonic
crystal in all of its crystalline phases, i.e., that already
at T & 200K the electronic entropy is very small with
respect to the quasiharmonic contributions.
In conclusion, in this work we have calculated from first
principles the zero-temperature energetics of Pu, finding
very good agreement with the experiments. Our analysis
has clarified how the electron correlations determine the
unusual energetics of Pu, including the fact that the dif-
ferent allotropes have very large equilibrium-volume dif-
ferences while they are very close in energy. Remarkably,
in our calculations we did not introduce any artificial
spin and/or orbital polarizations [5], while this was nec-
essary in previous state-of-the-art DFT calculations [1–
4]. This advancement has enabled us to describe also the
f electronic structure of Pu on the same footing. Our
calculations indicate that the ground-state f electronic
structure is similar for all phases of Pu, and that the f -
electron atomic probabilities display a significant mixed-
valence character. Our zero-temperature calculations of
Pu constitute also an important step toward the theoret-
ical understanding of its peculiar temperature-dependent
properties, e.g., the negative thermal expansion of δ- and
δ′-Pu. In fact, above room temperature, the contribu-
tions to the free energy of the non-adiabatic effects and of
the thermal excitations of the electrons from their ground
state are expected to be negligible in Pu [20]. Conse-
quently, the ground-state total energy could be used to
derive microscopically the atomistic potentials and study
from first principles the evolution of the atom positions
as a function of the temperature making use of the Born-
Oppenheimer approximation.
METHODS
In this work we have employed the LDA+GA charge
self-consistent numerical scheme of Ref. [15]. The inter-
face between Wien2k [34] and the GA has been coded fol-
lowing Ref. [35]. The calculations have been performed
making use of the general Slater-Condon parametriza-
tion of the on-site interaction, assuming U = 4.5 eV
and J = 0.36 eV , consistently with Ref. [15]. We have
employed the following standard form for the double-
counting functional
EStdc[nf ] =
U
2
nf (nf − 1)−
J
2
nf (nf/2− 1) , (3)
where nf ≡ 〈Ψ| nˆf |Ψ〉 is the total number of f electrons.
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FIG. 4: Configuration probabilities of the eigenstates of the reduced density matrix ρˆf ≡ e
−Fˆ /Tr[e−Fˆ ] of the f electrons as a
function of the eigenvalues fn of Fˆ . Each configuration probability is weighted by the degeneracy dn = 2Jn+1 of the respective
eigenvalue fn, where Jn is the total angular momentum.
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